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In the framework of quantum field theory, we examine what physical implications are 
included in the expectation values of the flavor neutrino charges at the time x^ with respesct 
to the state \^{x^)), which is taken so as to coincide with the neutrino source state such as 
a charged pion at the time a;? (< x'^). 

§1. Purpose 

In the quantum field theory,^) the expectation value of a physical observable 
F{x) at a space-time point x = (x, x*^) with respect to the state \^{x^)') is given by, 
in the interaction representation, 

(<P'(x°)| F{x) \^{x^)) = (l^(x?)| 5-i(x°,x?)F(a;)5(x°,a;?) \^{x'\)), (1) 
5(x°, X?) = V {-iT r d% r d% ■ ■ ■ r^" d^ymHintivi) ■ ■ ■ HintiVm). (2) 

m=0 -^^l ■^^l ■^^l 

In the following we consider the expectation values of the flavor neutrino charges 
Np{x^),p = the flavor suffix (e,/i,---), with respect to the state \^{x^)) which 
coincides with the neutrino-source state \^{x^)^ such as a charged pion at the time 
x'j (< x^), and point out that those expectation values give us a possible way for 
treating unifiedly various weak decay probabilities of neutrino-source particles as 
well as the neutrino oscillation. 

§2. Relevant quantities and relations 

The total Lagrangian C{x) = Co{x) + Cint{x) related to neutrinos is taken to be 



Co{x) 



M+ = M, 
-[vf{x)Jf{x) + Jf{x)vf{x)\ = -Hintix); 



(3) 
(4) 



here, I'Fix) is a set of the flavor neutrino fields z^p(j;)'s, and a set of the mass eigen- 
fields h'j{x)^s is defined by 

M^) = Z'/'l^Mix), Z^'^MZy^ = M,„„ ZV2tzV2 = J, ^1/2 = [^1/2]. (5) 



UF^x) 



Ue{x) 



^m{x) 



vii^x) 

V2{x) 



, dia.g{Mdiag) = {'mi,m2, 



(6) 



the source function Jf{x) is for simplicity assumed to include no neutrino fields, and 
^int{x) is the local Fermi interaction obtained in accodance with the electro- weak 
unified theory. We employ Greek and Roman indices, (p, a, A, • • • ) and (i, j, /,•••), 
to represent the flavor and the mass degrees of freedom, respectively. 

It is noted that F^{x) = S^^{x^ , x^j)F{x)S{x^,xf) appearing in (1) is a quantity 
in Heisenberg representation, which is taken so as to coincide with the interaction 
representation at the time x^. Hereafter we denote quantities in Heisenberg and 
the interaction representations by attaching and omitting the prefix H, respectively. 
We see that, due to (5), (^ + Mciiag)vM{x) = leads to (^ + M)vf{x) = and 
(^ + M)vp{x) = —Jp{x). The integral of the latter is easily expressed in the form 
of so-called Yang-Feldman equation^' when the field-mixing exists. Its implication 
in the neutrino problem will be discussed elsewhere. In the following we consider 
directly the perturbative expansion of S{x^ , x^) with respect to the weak interaction 

H^nt{x) = Y, ^^M^KlA^)j^'"'{^)^ + H.C., (7) 

where v"" = 7^(1 + 75); Gp is Fermi coupling constant. We employ Kramers repre- 
sentation^) of 7^-matrices,^ = —py 'a, ^* = Px ^ I, 75 = —Pz ^ I- The flavor 
neutrino charge Np, the expectation value of which is to be examined, is defined by 

Np{x)^:ijd\jl-^{-^,x^):, (8) 

where the 4- vector current of fp-field is given by ifp^ix) = —ii>p{x)^"'i'p{x). The 
symbol : : represents the normal product with respect to the momentum-helicity 
creation and annihilation operstors of the vm{x) field, which is expanded as 



UAX) 



k,r 



^ aj{kr)uj{kr)e''^^''^ + (5]{kr)vj{kr)e-'^^'''^ ; (9) 



here {kx) = k • x — ujj{k)x^ with ujj{k) = \ f^ + m?A', "r" represents the helic- 

ity, r =1 J,; a^, (3j and their Hermitian conjugates satisfy {aj{kr),a\{k'r')} = 
{(3j{kr)^(3l{k'r')} = 5ji(5rr'(5(k, k'), others = ; the concrete forms of Uj{kr) and 
Vj{kr) are given in Refs.3)-5). 

§3. Expectation values of flavor neutrino charges 

We investigate the structure of 

<^(x?)| S-\x^x'})Npix^)Six',x'j) \Aix^j)) = <^(x?)K(x°) |^(x?)>, (10) 

where |^(x5)) {x^ < x^) is a hadronic state with no neutrinos and plays a role 
of a neutrino source, such as one-pion state. For simplicity, we consider the case 
where an A-particle is a (pseudo-)scalar one with decay modes caused by (7). The 



contributions of Gp 0-th and first orders are easily seen to vanish. There are two 
kinds of G^-oidei connected contributions to 

<^(x?)|iVf(xO)|^(x?)>,,„(,) 

r'x px 

= (A(X?)| / d^Z d%H^nt{z)Np{x'^)H,nt{y)\A{x^l))con, (U) 

(^(x?)|ivf(x0)i^(x?)>_(,,)^(^(x?)|i2 r ds r d'z 

'J X J J X J 

x[H,nt{z)H,nt{y)Np{x'^)+Np{x'^)HM{y)H^nt{z)\ |A(x?)>,o„. (12) 

We examine dominant contributions coming from diagrammatically lower configura- 
tions in intermediate states. Those contributions come from (11) and, in the case of 
a positively charged A-particle, are expressed as 



N,{x%A+{x^j)),on^ d^x 1^ d^zl A(A+(^/)| 

"/ J X J J X J 

Y^ Jx{z)^'S^;,\x - .)t . 5W(x - y)My) |^+(x?)>,,„. (13) 



X 

Act 



where (0| Vp{x)v„{y) |0) = -iS}^\x - y). 

The state I ^^(xj)) is now taken to be a plane-wave, i.e. |^^(p, Xj)) = a^(p) \{))e'^^^^^'^i 

with p^ = Ea{p) = \J'p + m\, [aA{p),Ci\{p')] = (5(p,p'). RHS of (13) includes a 



hadronic part, expressed as 

(^+(p,x?)|ir(z) •ir(y)t |^+(p,x?)> = <A+(p,x?)| j^'^(z)< 

+ 2_\ |l-particle)(l-particle| + higher configurations >j^"'^(i/)^ 1^4^ (p,Xj)). (14) 



The intermediate vacuum contribution will be dominant and is written as 

Ljp 



j,i,a s,r 



X 



here, /yi is the decay constant of A'^ , defined by 

(0| j-r (x)+ |^+(p, x?)> = \ iVafAe^'^'^^ eM^EA{p)x'jy, (16) 

^/2Ea{p)V 



vifj{qs) is the momentum-helicity eigenfunction for l^, satisfying {—i ^+m(j)vi„{qs) 
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0, g° = ^^(g) = v^q2 -Fm^; uJ(A;r)ui(A;s) = pji{k)6rs, Pji{k) = cos[{xj - Xi)/2] 



with cotxj = \\^\/mj.^''^' Some simplification of (15) is obtained if we multiply by 
hand to RHS of (15) a damping factor due to the decay width of A-particle, i.e, 



exp[-rA(p)(Z0 + y0)/2], z" 



xy, Y^ 



Xj- Performing the Z^- and 



y ''-integrations under the condition tFAip) 3> 1, t = x^ — Xj, we obtain 



(iV^(xO);^+(x?)wit/irA> 



vac 
con 






2Ea{p)V ^ (27r)3 



J,*,o- 



(Tk 



X zii' zT zii^ zT p,m 



o-J P3 



pi at 



J+) 



b{'^,Q,p)d k p.. -^(A:) + ib{a,q,p)4pji{k) 



X e'^^^'^^'^Hj{k,q)Ii{k,q)* 



(17) 



q=p k 



here, b{a,q,p)d = 'Ea,bH'^^(l)dPaPb^ K'^^lTd = -^Hs^l'^i^l^h^^dlil + l5)via{qs); 

ji 

as 



/'li (^) ~ cos[(xj+Xi)/2]; Ij{k,q) comes from the Z'^-integration, concretely written 



Ij{k,q) = i/{iO,{k) + E^{q) - Ea(p) - irA{p)/2) 



(18) 



p=k+q 



Owing to the k-integration, the oscillation behavior of (17) is different from those of 
the well-known standard formula^" ^ as well as of the expectation value of the flavor 
neutrino charge with respect to a flavor neutrino state. ^^ Detailed analyses in the 
plane- wave and the wave-packet |yl(x5)) cases will be done in a subsequent paper. 
( Some considerations on the latter case have been done in Ref.9). ) 

§4. Decay probabilities of neutrino source particles 

We examine what results are obtained from (^Np{x^);A'^{p,x^i)^ for sufficiently 
large T = x° - x?. We obtain from (15) {Np{x% A+{x^j)) H^jT 



Ei2, 



X 



l/2|2|yl/2|2 1 
P3 I I ^i I (27r)6 



sk f,sj^^im^±i^ 



2Ea{p) 
'^iviaiqs) ^{l + jFj)uj{kr) ■iui{kr)^{l + j5)vi^{qs) 

s,r 



Gp J, 
T2^\ 



o-J 



(19) 



J:0" 



here, P{A+{p) -^ l,Vj) = P(^+(p = 0) ^ l,Vj) ■ (m^/^A(p)); the sum ^^.^ is 
performed over j's and s's which are allowed under 4-momentum conservation; the 
explicit form of the decay probability P{A~^{p = 0) ^ ^o-^j) calculated in the lowest 
order of the weak interaction (7) is found e.g. in Refs. 5) and 10). 

By taking into account various intermediate states as shown in (14), we can 
generalize (19) to each weak semileptonic decay, A'^ -^ l^jUj + hadron(s); then, by 



summing over all modes, we obtain in order 



\T=x^^-x°j^oo 



[N,;AHp),^)) = Y^\Zy'\^\zl'; 



3,^ 



P{A+{p) -^ Luj) + Y^ P{A+{p) -^ r^i/j- +hadron(s)) 

Y.{N,;A+{p) 



modes 



(20) 



,CX) 



J,'^ 



Y, \zlj\ Pi^-^ip) ^ ^"-^i) + E ^(^^(P) ^ ^"a'^, + hadron(s)) 



modes 



(21) 



Judging from the meaning of the expectation value now considering, LHS of (21) may 
be regarded as the total leptonic decay probability of ^+-particle accompanying a 
neutrino; in the case of vr^, its life-time t{tt^{p)) is given by 



T(7r+(p))-i ^ Y. K',^\n^^{p) - i^j) ^ E Kjin^^ip) - ^^^.o- m) 



I '7I/2 |2 p{„+ 1 



J.o- 



It seems worthwhile to note the relation in the case of the expectation value of 
the number of charged lepton I p. We obtain 



'1 71/2,2 
pj I 



[{A+{p,x'j)\ <(x°) |A+(p,X?)>eo„/T]^^^ = E \Z, 

j 

PiA+{p) -^ IpVj) + Y ^(^^(P) ^ ~h^3 + hadron(s)) 



modes 



(23) 



for energetically allowed p's. We see (23) leads also to (22). 

Lastly we give a remark on the relations derived by assuming the 3 flavor number 
and P[tt^{p) -^ ^'^UjYs to be almost independent of all three j's as well as by noting 
rrir ~ 1780 MeV. Then, from (20) we obtain 



(iV,^;7r+(p),oo> : (iV,^; ^+(p), oo> : (iV,^;7r+(p), 00) 

^ V^|vl/2|2|2'l/2|2 . V^ 1^1/2,4 . V^|^l/2|2|^1/2|2 



(24) 



Similarly in the case of K~^, under the j-independence of Pfi^'^ -^ l^i'j (+ hadron(s))) 
for a = e, fi, we obtain 



(iV,,;i^+(p),oo> : {N,^;K+{p),^) : {N,^;K+ip),^) 

-Ei^ri^^^Ei^fi^^ :El^fl^^ 



(25) 



J 3 J 

'1/2|2 /r^+ 4-^ , 1^71/212 

g \^r{K+ -^ e+) + \Z^. 1^7 
branching ratio of K'^ decay mode with one l^- If it is allowed for us to drop r{K^ 



with Rj = \zl'.^\'^r{K+ -^ e+) + |Z^/^pr(i^+ -^ ^+); here, r{K+ -^ Q means the 
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e^) owing to the experimental value r{K'^ -^ e'^)/r{K^ -^ /j,'^) ~ 4.87/66.70 
1/13.7, we see RHS of (25) is nearly equal to that of (24). 
As to the neutron life time, we also obtain 



ij;(iV,(x°);n(p,x?)>,„„/r 



= j;'|Z;f |2|Z,f |2p(n(p) ^ pe-u,). (26) 

J T^oo j 

Assuming the independence of P{n -^ p e Vj) on j's, we obtain 
(7V^^;n(p),oo) : {N^^;n{p),oo) : (iV,,^; n(p), cxd) 

3 3 3 

In the standard theory of the neutrino oscillation in vacuum,^) the transition 
probability for Uu -^ Up is given by 

P,,^,^(t = xO-x?) = |J^[/,,e-^W*f/;,|2, U^U = I. (28) 



The time average oi Py^^yp{t)^>''^' over a sufficiently long time interval T ^ 47rA;/|Z\m^J 
for any pair (j, i), j ^ i is given by 

{Pu.^u,)t^I dtP,^^,^{t)/T = Y,\Up3?W.,\\ (29) 

Jo ~^ 



which leads to the same ratio relations as (24) and (27) if we set U = Z^'^. Although 
this equality is taken in the standard theory,^)' "^^ it is difficult for us to understand 
this equality on the basis of the quantum field theory, as first stressed by Blasone 
and Vitiello.^-*'^^'^^' From our viewpoint, the relation (29) should be understood as 
the relations (24) and (27) which have a field theoretical basis. 

§5. Final remarks and conclusion 

Concerning the way how to derive the theoretical expression of the decay prob- 
ability of e.g. vr"'", Giunti^^' has proposed a simplified version of the interacting 
wave-packet model, ^^' where each one-neutrino flavor state is constructed by tak- 
ing into account the related weak interaction. In this version, the amplitude for a 
sufficiently large T 

A„{k)T = {yj{k)lp\ - i / d^yHintiy) |vr+>, (30) 

is defined. (For simplicity we omit the helicity.) Corresponding to the relevant weak 
interaction, the one fiavor neutrino state is defined as 

-1/2 



\"up{k)")T = ep{k)^^Apj{k)T\yj{k)) with ep{k) 



El-^/'i^^)^! 



(31) 



We have {"up{k')"\"up{k)") = (5(k',k) for {uj{k')\ui{k)) = 6ji6{k',k). Then, the 
transition amphtude for vr^ -^" u'^lp is 

(%(A;)%| -i dSHUy)\^^) = ep{k)y^A*p^{K)TApj{k)T = ^TT; (32) 

J-T/2 J ^pK'^J 

thus the probabihty of vr^ -^"v''lp is given by 



phase vol P^ ' j 



which leads, after summing over ahowed p's, to the relation corresponding to (22). 
As to the non-orthogonality problem, {"i^p{k')"\"i'^{k)") ^ 6pa-6{'k','k), it should be 
noted that the orthogonality holds approximately if the dependence of apj{k)T = 

1/2* 1 

{Zp'j y^Apj{k)T on j is negligible. 

Through the above considerations, we can assert the following two points: With- 
out recourse to one-neutrino flavor states, (i) a kind of the neutrino oscillation 
formula is derived from the main part of (^A{x^)\Np{x^)\A{x'j)^con with finite 
T = x^ — x'j, and (ii) the decay probabilities of hadronic ^-particle accompany- 
ing a neutrino are obtained from (^Np{x^); A{x'j)^ con/T for T -^ cxd. As a future 
task, detailed structures of the oscillation behavior and of the dropped contributions 
should be investigated. 

The authors would like to express their thanks to Prof.K.Ishikawa and other 
members of the particle theory group in Hokkaido University for continuous interest 
and discussions. Thanks are also due to Prof.G.Vitiello, Drs.M.Blasone and C.Giunti 
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